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ABSTRACT
We study the asymmetry in the two-point cross-correlation function of two populations of
galaxies focusing in particular on the relativistic effects that include the gravitational red-
shift. We derive the cross-correlation function on small and large scales using two different
approaches: General Relativistic and Newtonian perturbation theory. Following recent work
by Bonvin et al., Gaztan˜aga et al. and Croft, we calculate the dipole and the shell estimator
with the two procedures and we compare our results. We find that while General Relativistic
Perturbation Theory (GRPT) is able to make predictions of relativistic effects on very large,
obviously linear scales (r > 50 Mpc/h), the presence of non-linearities physically occurring
on much smaller scales (down to those describing galactic potential wells) can strongly af-
fect the asymmetry estimators. These can lead to cancellations of the relativistic terms, and
sign changes in the estimators on scales up to r ∼ 50 Mpc/h. On the other hand, with an ap-
propriate non-linear gravitational potential, the results obtained using Newtonian theory can
successfully describe the asymmetry on smaller, non-linear scales (r < 20 Mpc/h) where
gravitational redshift is the dominant term. On larger scales the asymmetry is much smaller in
magnitude, and measurement is not within reach of current observations. This is in agreement
with the observational results obtained by Gaztn˜aga et al. and the first detection of relativistic
effects (on (r < 20 Mpc/h) scales) by Alam et al.
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1 INTRODUCTION
The galaxy two-point correlation function is the most common
statistical method used to study large-scale structure. In standard
ΛCDM the Universe is homogeneous and isotropic. This implies
that the correlation function of a galaxy population is symmetric
under the exchange of two galaxies. However, the observed cor-
relation function in galaxy redshift survey is not isotropic. The
anisotropy arises because the distance is estimated from redshift
which is affected by a number of physical processes. The most
prominent effect is due to the peculiar velocities of galaxies, known
as redshift space distortion (RSD) (Davis & Peebles 1983; Kaiser
1987; Hamilton 1997), which produces a quadrupole moment of
the correlation function, but not a dipole. Other relativistic ef-
fects, including gravitational potential, can induce higher order
subtle anisotropy and asymmetry in the correlation function. The
monopole and quadrupole have been measured in different galaxy
surveys (Alam et al. 2015; Beutler et al. 2017), and they provide a
? E-mail: egiusarm@andrew.cmu.edu
† salam@roe.ac.uk
tool to test cosmological models, constrain cosmological parame-
ters and derive measurements of the growth rate of structure (Blake
et al. 2013; Samushia et al. 2014; Alam et al. 2015, 2016).
If one considers galaxies in two different populations, for ex-
ample with different luminosities or masses, the correlation func-
tion also assumes an anti-symmetric part. The breaking of sym-
metry generates an odd multipole, namely dipole. The asymme-
try in the two-point correlation function measured from large-scale
structure has been discussed by many authors including: McDon-
ald (2009), Yoo et al. (2009), Yoo et al. (2012) , Yoo & Zaldarriaga
(2014), Croft (2013), Bonvin (2014), Bonvin et al. (2014) and Zhu
et al. (2017).
There are several physical processes associated with galaxy
properties, dynamics and environment which can affect the ob-
served redshift and lead to a non-zero dipole moment in the cross-
correlation function. Bonvin (2014) and Bonvin et al. (2014) dis-
cuss three of these effects that generate the asymmetry in the cross-
correlation function. The first one is the relativistic effect which in-
cludes, among others, the gravitational redshift and Doppler term.
The gravitational redshift occurs when a photon loses its energy
c© 2015 The Authors
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escaping from a potential well and this leads to an increase in its
wavelength. fThis distortion is therefore induced by a gradient of
the gravitational potential. The Doppler term depends on the rel-
ative motion of the galaxy with respect to the observer: the ap-
parent magnitude and luminosity of the galaxy change, depending
on whether it appears closer or farther away from the observer in
redshift space. The second contribution is due to the evolutionary
effect and it arises from the redshift evolution terms in the bias and
the growth function. The last contribution generating an asymme-
try in the two-point correlation function is the wide-angle effect
due the fact that we are observing on a cone and therefore there is a
difference in the line-of-sight directions between any two galaxies.
In the distant-observer approximation the separation angle between
two galaxies is small and this makes the two line-of-sight directions
to the galaxies parallel. The wide-angle effect results when this ap-
proximation is no longer accurate.
In this paper we provide theoretical predictions for the asym-
metry in the two-point cross-correlation function focusing in par-
ticular on the gravitational redshift effect.
The gravitational redshift was predicted by Einstein during the
development of the General Theory of Relativity (Einstein 1916,
GR) and was measured for the first time by Pound & Rebka (1959).
Subsequently other determinations have been realized in astrophys-
ical environments and the Solar systems (Greenstein et al. 1971;
Lopresto et al. 1991) and in galaxy clusters (Wojtak et al. 2011).
Cappi (1995) studied the gravitational redshifts in galaxy clusters
assuming different density profiles and showing that a non negligi-
ble effect can be predicted in individual rich clusters. Kim & Croft
(2004) proposed to use surveys of cluster galaxies to obtain a sta-
tistical measurement of the gravitational redshift profile. On larger
scales, McDonald (2009) explored the effect of gravitational red-
shifts on the cross-power spectrum of two different populations of
galaxies using linear perturbation theory. Croft (2013) used a halo
model to predict the relative gravitational redshifts between sim-
ulated galaxies including non-linear scales. Good agreement was
found between the halo model and N-body simulations and an es-
timator was introduced to quantify the line-of-sight asymmetry in
the cross-correlation function of the two galaxy samples. Bonvin
et al. (2014) made use of GR perturbation theory to study the differ-
ent contributions that induce the asymmetry in the two-point cross-
correlation function of two populations of galaxies focusing in par-
ticular on the relativistic contribution and considering large-scale
structure on linear scales. Gaztanaga et al. (2017) measured the
distortions in the cross-correlation function from the Baryon Os-
cillation Spectroscopic Survey (BOSS) Data Release 10 CMASS
sample looking on large, linear scales (r > 20 Mpc/h), finding con-
sistent results with theory, but no evidence for a signal. Alam et al.
(2017a) presented a first detection of the redshift asymmetry at 2.7
σ in the cross-correlation function using the Sloan Digital Sky Sur-
vey (SDSS) Data Release 12 (DR12) CMASS sample of galaxy.
The signal peaks on small scales (r < 10 Mpc/h) where the linear
perturbation theory starts to be less accurate. Zhu et al. (2017) used
a quasi-Newtonian approach with N-body simulations in order to
explore the relativistic distortions of galaxy clustering focusing on
non-linear scales (r < 20 Mpc/h). Alam et al. (2017b) looked at
analyzed relativistic beaming effect in SDSS CMASS DR12.
In this work we study the cross-correlation asymmetry of two
galaxy populations using two different approaches: General Rela-
tivistic Perturbation Theory (GRPT), which robustly describes the
relativistic clustering on large, linear scales, and Newtonian pertur-
bation theory, which is used to model relativistic effects on small
non-linear scales. For the latter, we limit our modeling to the gravi-
tational redshift, and the reader is encouraged to consult Zhu et al.
(2017) for a full treatment which includes the other Doppler and
higher order terms in a simulation context. Our aim in this work is
to compare the GRPT and Newtonian approaches in order to obtain
a theoretical model applicable to all scales.
This paper is organized as follows. Based on recent works
of Bonvin et al. (2014) and Gaztanaga et al. (2017), in Section 2
we describe the formalism used to derive the dipole in the two-point
correlation function and we present the shell estimator introduced
by Croft (2013). In Section 3 we compute the dipole and the shell
estimator for the relativistic and wide-angle contributions consider-
ing different clustering biases for the galaxy populations and using
GRPT. In Section 4 we study the distortion of the galaxy cross-
correlation function induced by gravitational redshift and peculiar
velocities on all scales making use of Newtonian perturbation the-
ory and we compare our results using the two approaches. Finally,
we discuss and draw our conclusions in Section 5.
2 GENERAL RELATIVISTIC PERTURBATION THEORY
APPROACH
To extract the anti-symmetric term in the two-point correlation
function we follow the approach adopted by Bonvin et al. (2016)
and Gaztanaga et al. (2017) to split the galaxies into two popula-
tions according to their luminosity and mass, separated by a dis-
tance r. We indicate as g1 the bright (B) population with higher
mass and as g2 the faint (F) population with lower mass.
The anti-symmetric part of the cross-correlation function be-
tween these two populations is given by:
ξg1g2(z, z
′) = 〈δg1(x, z)δg2(x′, z′)〉 6= ξg2g1(z′, z) , (1)
in which z (z′) and x (x′) are the redshift and the position of the
bright (faint) galaxy, δg1(x, z) and δg2(x′, z′) are the respective
over-densities. The term ξg1g2(z, z′) is the sum of three different
contributions: the relativistic distortion, the evolution of the bias
and growth rate, and the wide-angle effect. If we expand this term
in odd multipoles of the cosine of the angle that the pair makes with
the observer’s line-of-sight (Bonvin et al. 2014; Bonvin 2014; Rac-
canelli et al. 2014), cosαi,j , we can note that the dominant contri-
bution to the distortion is due to the dipole. As shown in Gaztanaga
et al. (2017) and Bonvin et al. (2016) the derivation of the dipole
depends on the choice of kernel Wxi,xj ,Li,Lj which must be anti-
symmetric under the exchange of i and j, where i and j are the
cells in which the survey is pixelized and in which the galaxy over-
densities are defined. Moreover, it must depend on the luminosity
of each pixel, Li and Lj , and on cosαi,j . Therefore we can write
the general expression for the dipole as follows, (see Gaztanaga
et al. (2017) for for more details):
ξˆ =
∑
i,j
∑
B,F
Wxi,xj ,B,FδnB(xi)δnF(xj) , (2)
in which we substituteLi, Lj = B,F, while δnB(xi) and δnF(xj)
denote the over-density of galaxies for each pixel.
We now define the dipole for the different contributions that
generate the anti-symmetry in the two-point correlation function.
2.1 Contributions to the dipole
In the continuous limit, the dipole contribution due to the relativis-
tic effect is given by (see Bonvin et al. (2014) for a complete deriva-
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tion):
〈ξˆrel(r)〉 = (bB − bF ) f
2pi2
( H˙
H2 +
2
χH
) H
H0
×
∫
dkkH0P (k, z¯)j1(kr) ,
(3)
in which χ is the comoving distance, bB and bF are the bias of
bright and faint population of galaxies, f ≡ d lnD/d ln a is the
logarithmic derivative of the linear growth factor, D, with respect
to the scale factor, a, P (k, z¯) is the linear matter power spectrum at
the mean redshift of the survey and j1(kr) is the spherical Bessel
function for ` = 1. We can see that the relativistic contribution
depends on the bias difference bB − bF and it vanishes when bB =
bF . This means that if the bias of bright galaxies is larger than the
bias of faint galaxies, the dipole is always positive.
The dipole due to the evolution effect can be written as:
〈ξˆevol(r)〉 = r
6
[
(bB − bF )f ′ − f(b′B − b′F )
](
ν0(r)− 4
5
ν2(r)
)
+
r
2
(bBb
′
F − b′BbF )ν0(r) ,
(4)
where ν`(r) are defined as:
ν`(r) =
1
2pi2
∫
dkk2P (k, z¯)j`(kr) , ` = 0, 2 , (5)
and j`(kr) are the spherical Bessel functions. Notice that the evolu-
tion term depends on the evolution of the bright and faint galaxies
(the prime in eq. 4 denotes a derivative with respect to χ). How-
ever, as shown in Figure 11 of Bonvin et al. (2014), its contribution
is negligible compared to the other terms, in particular to the wide-
angle effect. For this reason we decide to neglect this effect in our
analysis.
The wide-angle effect depends on the choice of angle that the
pair of pixels makes with the line-of-sight (Reimberg et al. 2016;
Raccanelli et al. 2010; Hamilton 1997). We can analyze the prob-
lem within a plane formed by the two pair of pixels, i and j, and
the observer O, see Figure 1. We indicate as di and dj the distance
of pixel i and pixel j from the observer and with rij the separation
between the pair of pixels. In this plane we can consider two dif-
ferent choices for the angle αij : the angle between the median and
rij , denoted as σij , and the angle between the direction of pixel i
and rij , denoted as βij . Using the σij angle, the expression for the
dipole due to the wide-angle is:
〈ξˆσwide(r)〉 = −2f
5
(bB − bF ) r
χ
ν2(r) ., (6)
while if we use the βij angle, the wide-angle term is given by:
〈ξˆβwide(r)〉 = 〈ξˆσwide(r)〉+ 〈ξˆlarge(r)〉 , (7)
where:
〈ξˆlarge(r)〉 = r
χ
[
bBbF + (bB + bF )
f
3
+
f2
5
]
ν0(d)
+
r
5χ
[
(bB + bF )
2f
3
+
4f2
7
]
ν2(d) . (8)
In this work we will only consider the wide-angle term obtained
using the σij angle. For a complete description of the large-angle
effect see Gaztanaga et al. (2017).
Figure 1. Coordinate system for the choice of the angle between the pair of
pixels and the line-of-sight of the observer.
2.2 Shell estimator
The shell estimator, zshellg , can be used to measure the line-of-sight
asymmetry in the galaxy correlation function due to gravitational
redshift. It was introduced by Croft (2013) in order to study rel-
ativistic gravitational redshift in large-scale structures. The proce-
dure consists in binning the galaxy pair separations in spherical
shell bins and then calculating the mean separation, r‖, weighted
by the cross-correlation funcion. A general expression for the shell
estimator is:
zshellg (r) =
∫ r′+∆r′
r′ H
[
1 + ξ(r⊥, r‖)
]
r‖r
2dr∫ r′+∆r′
r′ [1 + ξ(r⊥, r‖)]r
2dr
, (9)
in which r‖ and r⊥ are the parallel and perpendicular separation
between galaxies, ξ(r⊥, r‖) is the two point correlation function of
galaxies and H is the Hubble parameter. Defining r‖ as rµ, where
µ is the cosine of the angle between the pair separation r and the
line-of-sight, and integrating over µ, we can rewrite eq. 9 as follow,
zshellg (r) =
∫ 1
−1 dµ
∫ r′+∆r′
r′ µH [1 + ξ(r, µ)] r
3dr∫ 1
−1 dµ
∫ r′+∆r′
r′ [1 + ξ(r, µ)]r
2dr
, (10)
Moreover, introducing the definition of monopole ξ0(r) and dipole
ξ1(r), eq. 10 becomes:
zshellg (r) =
1
3
∫ r′+∆r′
r′ Hξ1(r)r
3dr′∫ r′+∆r′
r′ [1 + ξ0(r)]r
2dr
. (11)
In the next section we will focus on the dipole and the shell esti-
mator of two populations of galaxies on small and large scales and
we compare the results of the different contributions considering
different values for the bias of bright and faint population.
3 COMPUTING DIPOLE AND SHELL ESTIMATOR
In this section we will compute the dipole and the shell estima-
tor for a bright and faint population of galaxies using the effec-
tive redshift of the CMASS sample of galaxies (Bolton et al. 2012;
MNRAS 000, 1–10 (2015)
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Figure 2. Dipole estimations (multiplied by r2) at redshift z = 0.57 as a
function of separation r: the blue and red lines refer to the relativistic and
wide-angle contributions respectively. The different linestyles are obtained
assuming different values of the biases. In particular the solid line corre-
sponds to bB = 2.25 and bF = 2.03, the dashed line to bB = 2.57 and
bF = 1.91 and the dotted line to bB = 2.36 and bF = 1.46.
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Figure 3. Shell estimations at redshift z = 0.57 as a function of separation
r: the blue lanes are the relativistic contribution and the red lines are the
wide-angle contribution. Also in this case the different linestyles refer to the
different values of the bias of the bright and faint populations. See text for
more details.
Ahn et al. 2012) from the Baryon Oscillation Spectroscopic Survey
(BOSS) Data Release 12 (Alam & et al 2017), z = 0.57. We evalu-
ate the different contributions to the dipole and shell estimator in a
flat ΛCDM model considering the best-fit parameters from Planck
2015 full temperature data combined with the large scale polar-
ization measurements, Adam & et al. (2016) (Ωbh2 = 0.0222,
Ωch
2 = 0.1197, h = 0.673, ns = 0.965, σ8 = 0.83). We com-
pute the linear matter power spectrum at redshift 0.57 using the
Boltzmann code CAMB (Lewis et al. 2000).
In order to study the effect of the biases on the dipole and
zshellg , we assume three different values for the bias of the bright and
faint galaxies. We consider the biases measured by Gaztanaga et al.
(2017) using SDSS CMASS sample Data Release 10, bB = 2.36
and bF = 1.46, and the biases calculated in Alam et al. (2017a)
after dividing the SDSS CMASS DR12 sample of galaxies into
two sub-samples with higher and lower mass for each photomet-
ric bands, bB = 2.25 and bF = 2.031. Lastly we use the biases of
two galaxy subsets at redshift 0.57 computed in Zhu et al. (2017)
using N-body simulations, bB = 2.57 and bF = 1.91.
Moreover in order to investigate the impact of the different
contributions to the dipole and shell estimator on small and large
scales, we consider a galaxy pair separation in the range between 0
and 150 Mpc/h. It is important to point out that a main difference
between our study and the work of Gaztanaga et al. (2017) consists
in the fact that these authors have computed the distortion in the
two-point correlation function focusing on large, linear scales, i.e.
r > 20 Mpc/h.
3.1 Comparison of the dipoles
In Figure 2 we show the different dipole contributions (relativistic
and wide-angle) as a function of the comoving separation r. The
1 We consider the two biases calculated from high-low mass subsamples
cross-correlation function in i photometric band. See Alam et al. (2017a)
for more details.
different linestyles of the curves correspond to different bias val-
ues: the solid line refers to bB = 2.25 and bF = 2.03, the dashed
line to bB = 2.57 and bF = 1.91 and the dotted line to bB = 2.36
and bF = 1.46.
We can note that the relativistic contribution is dominant at all
scales. This occurs because this term is governed by the sign of the
bias difference bB − bF (see eq. 3): the bias of bright population is
always larger than the bias of the faint one and the asymmetry along
the line-of-sight is related to the difference in the cross-correlation
between the two populations of galaxies. As we can see from eq. 6,
the wide-angle term also depends on the difference bB−bF but, be-
ing negative, it is always smaller than the relativistic contribution.
From these results we can deduce that the dipole moment could
provide a powerful tool to measuring relativistic effects in galaxy
clustering.
On small scales (for r < 10 Mpc/h), we can see that the two
dipole contributions (relativistic and wide-angle) are canceled out.
In particular a cancellation of the relativistic contribution leads to
no evidence for the gravitational redshift effect. In our compan-
ion paper, Alam et al. (2017a), we have measured the relativistic
effects on the dipole moment using the cross-correlation function
of two sub-samples obtained by splitting the SDSS/BOSS/CMASS
sample into two equal parts for each of the five photometric bands
(u, g, r, i, z). The results are presented in Figure 9 of Alam et al.
(2017a) and they show a detection of the amplitude of relativistic
asymmetry in each photometric band on small scales (<10 Mpc/h)
and a zero signal on large scales (>10 Mpc/h). By comparing these
with our results, we can infer that GRPT may be less accurate on
small, non-linear scales. This could be due to the presence of non-
linearities that this theory is not able to treat properly.
3.2 Comparison of shell estimator
Figure 3 shows the shell estimator for the relativistic (blue lines)
and wide-angle (red lines) contributions calculated at redshift z =
0.57 using eq. 11 and considering different values of the biases.
Note that, also for zshellg , all contributions depend on the biases
MNRAS 000, 1–10 (2015)
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difference of the two populations of galaxies and this leads the rel-
ativistic term to be dominant over the wide-angle one on all scales.
As shown in the figure, the wide-angle effect generates a
redshift difference in zshellg of -0.19 km/s for bB = 2.36 and
bF = 1.46, of -0.12 km/sec considering bB = 2.57 and bF = 1.91
and of -0.04 km/sec using bB = 2.25 and bF = 2.03. If we look
at very small scales (< 5 Mpc/h), we can see that the wide-angle
contribution is null for all the values of the biases.
On the other hand, the relativistic contribution generates a
redshift difference of the order of 0.34 km/s (bB = 2.36 and
bF = 1.46), 0.24 km/s (bB = 2.57 and bF = 1.91) and 0.08
km/s (bB = 2.25 and bF = 2.03) respectively. Also in this case,
on very small scales (r < 5 Mpc/h) the contribution of the rela-
tivistic effect to zshellg drops to 0 km/s. As pointed out by Bonvin
et al. (2016), a cancellation of the relativistic term means that it
could be very difficult to detect the effect of gravitational redshift
in the largest scale structures.
In our two companion papers Zhu et al. (2017) and Alam et al.
(2017a), we have also computed the shell estimator for the rela-
tivistic effects of two galaxy populations. In particular, in Zhu et al.
(2017) we use N-body simulation in order to predict the gravita-
tional redshift signal on small scales founding that the gravitational
redshift effect is significant on scales of a few Mpc/h. In Alam
et al. (2017a) we have measured the asymmetric distortions using
the SDSS III BOSS CMASS sample, and found them consistent
with these relativistic effects (where the largest contribution is from
the gravitational redshift). Specifically, we have estimated the shall
estimator by fitting the theoretical model described in Zhu et al.
(2017) to the CMASS Data Release 12 using the different photo-
metric bands. We have found a significant detection of the ampli-
tude of gravitational redshift of 1.9σ, 2.5σ and 1.7σ in the r, i and
z bands respectively. This shows that it is possible to measure the
gravitational redshift in large-scale structure. We can conclude this
section affirming that the linear perturbation theory seems to fail on
small scales (where observational measurements have been made
so far) because of the presence of non-linear structure formation.
To account for this we need a different approach.
4 NEWTONIAN PERTURBATION THEORY APPROACH
In the previous section we computed the dipole and the shell es-
timator generated by the relativistic and wide-angle effects using
GRPT and we showed that, on small scales, all the effects tend to-
wards cancellation. In this section we study the effect of redshift
distortions in the two-point cross-correlation function using New-
tonian perturbation theory. In particular we examine only how the
cross-correlation function of the two populations of galaxies is dis-
torted by three effects, gravitational redshifts, peculiar velocities or
the sum of them. As mentioned previously, we do not include all
terms that were part of the GRPT approach (such as light cone,
Doppler and wide-angle effects). As a result, we do not expect the
Newtonian and GRPT results to be consistent on large scales, but
we are interested in the behaviour on non-linear and quasi-linear
scales. We follow the procedure introduced by Croft (2013).
4.1 Defining the model
We construct a model to describe the mean gravitational redshift
difference, δzg , between two galaxy populations, g1 and g2, and
we study how this quantity, together with peculiar velocities, dis-
torts the two-point correlation function. Finally we calculate the
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Figure 4. Mean gravitational redshift calculated using eq. 12 and consider-
ing bB = 2.25 and bF = 2.03.
shell estimator using equation 11 and we compare the results with
those obtained using GRPT.
According to General Relativity, the mean gravitational red-
shift difference between g1 and g2 is given by Croft (2013):
δzg = zg1(0)− zg2(r) = G
c
∫ r
∞
M12(x)x
−2dx , (12)
in which
M12(r) = 4piρ¯
∫ r
0
(ξg1ρ(x)− ξg2ρ(x))x2dx , (13)
is the difference in mass, ρ¯ is the mean density of the Universe, G
is the Newton’s gravitational constant and c is the speed of light.
In eq. 13, ξg1ρ and ξg2ρ are the g1 and g2 galaxy-mass cross-
correlation functions defined as:
ξgρ(r) = bξ(r) , (14)
where b is the bright or faint bias of the two populations of galaxies
and ξ(r) is the linear ΛCDM correlation function.
Figure 4 shows the mean gravitational redshift as a function
of the separation between g1 and g2 obtained using eq. 12.
The additional distortion term of the cross-correlation function
is due to the peculiar velocities which are caused by two effects:
large-scale coherent flows, due to the gravitational instability, and
small scales random velocity of each galaxy within the cluster.
We model the distortion of large-scale cross-correlation function,
ξg1g2(r⊥, r‖), where r⊥ and r‖ are the g1-g2 pairs separation
along and across the line-of-sight, as described by Kaiser (1987)
and Hamilton (1997):
ξ′g1g2(r⊥, r‖) = bBbF [ξ0(s)P0(µ) + ξ2(s)P2(µ) + ξ4(s)P4(µ)] .
(15)
In the previous equation: µ = cos θ, with θ angle between the pair
separation r and the line-of-sight, while P`(µ) are the Legendre
Polynomials [P0 = 1, P2 = (3µ2 − 1)/2 and P4 = (35µ4 −
30µ2 + 3)/8]. The relations between ξ`(s) and ξ(r) are given by:
ξ0(s) =
[
1 +
1
3
(βB + βF ) +
1
5
βBβF
]
ξ(r) , (16)
ξ2(s) =
[
2
3
(βB + βF ) +
4
7
βBβF
]
[ξ(r)− ξ(r)] , (17)
ξ4(s) =
8
35
βBβF
[
ξ(r) +
5
2
ξ(r)− 7
2
ξ(r)
]
, (18)
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Figure 5. Effect of different redshift distortions on cross-correlation function of the two populations of galaxies, g1- g2, calculated using Newtonian per-
turbation theory. The top-left panel shows the isotropic correlation function, the top-right panel represents the effect of gravitational redshift, the bottom-left
panel illustrates the effect of peculiar velocities and the bottom-right panel shows the two effects combined.
with
ξ(r) =
3
r3
∫ r
0
ξ(r′)r′2dr′,
ξ(r) =
5
r5
∫ r
0
ξ(r′)r′4dr′ .
Here βB = Ω0.55/bB and βF = Ω0.55/bF are the redshift space
distortion factors that include the large-scale coherent infall.
We then convolve our model ξ′g1g2(r⊥, r‖) with the pairwise dis-
tribution of random velocities, f(v), in order to obtain the redshift-
space cross-correlation function:
ξg1g2(r⊥, r‖) =
∫ ∞
∞
f(v)dvξ′g1g2
(
r⊥, r‖ − czg(r)− (1 + z)v
H(z)
)
.
(19)
We assume that the random peculiar velocity distribution has an
exponential form:
f(v) =
1
σ12
√
2
exp
(
−
√
2|v|
σ12
)
, (20)
where σ12 is pairwise peculiar velocity dispersion of g1-g2 galax-
ies, which we assume to be independent on pair separation. Based
on simulation results, we choose to set σ12 = 300 km/s.
For our model we consider the two populations of galaxies
from the previous section with bB = 2.25 and bF = 2.03 for g1
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Figure 6. Amplitude of the monopole (blue lines), quadrupole (green lines),
hexadecapole (magenta line) and dipole (red line) as a function of the sep-
aration, r. The solid lines correspond to RSD effect only, while the dashed
lines refer to the combination of redshift space distortion and gravitational
redshift effect. The dipole is multiplied by a factor of 300 to make it visible.
Notice that all the multipoles show a second peak due to the BAO signal.
and g2 galaxies respectively. We first use eq. 12 to distort the cross-
correlation function of g1 and g2 galaxies without considering the
effect of redshift space distortions. We then apply only the peculiar
velocity term and finally we combine the two terms to study the dis-
tortions in ξg1g2(r⊥, r‖). Figure 5 shows the redshift distortions of
the cross-correlation function, ξ(r⊥, r‖) of the g1 and g2 galaxies
as a function of pair separation along and across the line-of-sight.
We note that in the absence of distortions (top-left panel), the
contours appear circular due to the isotropy of the cross-correlation
function. The top-right panel shows the effect of gravitational red-
shifts multiplied by a factor of 300 for illustrative purpose since
this effect is extremely small. We can see that the gravitational
redshift leads to a downward displacement of the cross-correlation
function contours introducing an asymmetry about the r⊥ axis. In
the bottom-left panel we consider only the peculiar velocity effect
and we can see a stretching of the contours on small scales in the
direction of r‖ (the Finger of God effect) and a squashing of the
contours on large scales due to the linear infall (the Kaiser effect).
Note that, unlike the gravitational redshift effect, peculiar velocities
distortions preserve the symmetry along the line-of-sight direction.
Finally the bottom-right panel shows the effect of the inclusion of
both the distortion terms. We can observe a flattening of the con-
tour due to the redshift space distortion effect and an increase of
asymmetry with respect the r⊥ axis due to the gravitational red-
shift effect.
4.2 Extracting multipoles
We now estimate multipoles of order ` by decomposing the cross
correlation function, ξg1g2(r⊥, r‖), into different modes using Leg-
endre polynomials and integrating over all values of µ:
ξ`(r) =
2`+ 1
2
∫ 1
−1
ξg1g2(r⊥, r‖)P`(cos θ)d cos θ . (21)
In this equation P`(cos θ) are the Legendre polynomials with ` =
0, 1, 2. In Figure 6 we plot the amplitude of different multipoles as a
function of the pair separation r calculated at redshift z = 0.57 and
for bB = 2.25 and bF = 2.03 computed in Alam et al. (2017a).
The solid lines show the redshift space distortion effect and the
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Figure 7. The shell estimator zshellg (eq. 11) as a function of the separa-
tion, r, obtained using Newtonian perturbation theory with (green line) and
without (blue line) considering peculiar velocities.
dashed lines illustrate the combination of redshift space distortion
and gravitational redshift effects. Moreover the blue lines refer to
the monopole, the green lines to the quadrupole, the magenta lines
to the hexadecapole and the red line to the dipole. If there are
no distortions, the cross-correlation function is isotropic and it is
described by only the monopole. Redshift space distortions intro-
duce an anisotropy in the correlation function which is sensitive to
the orientation of the galaxies in the pair with respect to the ob-
server. This leads to even order multipoles of correlation function
becoming non-zero, most prominently the quadrupole moment. Fi-
nally the gravitational redshift breaks the symmetry of the cross-
correlation function along the line-of-sight and generates a dipole.
In Figure 6 we multiply the dipole by a factor of 300 to better see
this effect in comparison to the other ones. As we can see from this
figure, the amplitude of the dipole is very small compared to the
other multipoles and this means that a measurement of this asym-
metry in the cross-correlation function could be difficult on large-
scale structure. Note that, unlike the dipole calculated using GRPT,
the dipole computed using Newtonian perturbation theory is pos-
itive on small scales, r < 50 Mpc/h, and tends to zero on large
scales.
4.3 The shell estimator
We use equation 11 to compute the asymmetry induced by the grav-
itational redshift. Figure 7 shows the shell estimator as a function
of the pair separation without and with the inclusion of peculiar
velocities. We can see that the results obtained considering only
the gravitational redshift effect are smaller than that ones obtained
including also peculiar velocities. However two curves present a
same trend, i.e. it is positive on small scales (r < 20 Mpc/h) and
tends to zero on large linear scales. Figure 8 shows the compar-
ison of zshellg using General Relativistic and Newtonian perturba-
tion theory approaches and considering a bias difference of 0.22
as computed in Alam et al. (2017a). Notice that the main different
between the two lines of Figure 8 is that the blue curve includes
only the gravitational redshift and redshift space distortion effects,
while the red line includes all the relativistic effects that distort the
cross-correlation function, such as light cone and Doppler effects.
We can also see that Newtonian perturbation theory (blue line) de-
scribes well the gravitational redshift on small non-linear scales
MNRAS 000, 1–10 (2015)
8 Giusarma et al.
0 20 40 60 80 100 120 140
r [h−1Mpc]
0.00
0.02
0.04
0.06
0.08
z
sh
el
l
g
[k
m
/s
]
GRPT
Newtonian PT
Figure 8. The shell estimator computed from eq. 11 using General Relativ-
ity (red line) and Newtonian perturbation (blue line) theory approach.
.
while GRPT (red line) is able to predict the relativistic effects on
large linear scales.
In Figure 9 we also compare our results for the shell estima-
tor obtained using Newtonian perturbation theory (blue line), with
those obtained in Zhu et al. (2017) using a quasi-Newtonian ap-
proach with N-body simulations (red line). In both cases we con-
sider a bias difference of the two galaxy populations of 0.66 as
computed by Zhu et al. (2017). Notice that the sign of zshellg is op-
posite on small scales. In particular it is negative when we use the
quasi-Newtonian simulation method, showing a relative blueshift
for galaxy pairs, and it is positive when we use Newtonian per-
turbation theory approach. On the other side, on large scales the
shell estimator tends to zero in both of the approaches. The differ-
ent behaviour on small scales is due to the fact that in N-body sim-
ulation we include the information of the structure of the potential
well on galactic and halo scales and we consider the natural scale-
dependence of the biases of the two galaxy sub-samples. On the
other hand, in Newtonian perturbation theory approach we assume
linear clustering and we model the biases as scale-independent
quantities.
In order to approximately mimic the gravitational redshift con-
tribution from the galaxy, we subtract an offset of 1 and 2 km/s to
the zg component of the redshift (eq. 12) before using it to com-
pute the shell estimator, zshellg . By doing this, we are effectively
only modifying the gravitational potential gradient at r = 0. Nev-
ertheless, this offset has effects on much larger scales as can be
seen from the Figure. We can see from Figure 9 (green and ma-
genta lines) that, using this procedure, we recover a negative sign
for the estimator on scales from r = 0 Mpc/h all the way to r ∼ 40
Mpc/h. This is agreement with the Zhu et al. (2017) results.
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Figure 9. Comparison between the shell estimator computed using New-
tonian perturbation theory (red line) and quasi-Newtonian approach (blue
line) and considering a bias difference of 0.66. We also show the results
(the magenta and grey lines) obtained after subtracting an offset of 1 and 2
km/s to the zg component of the redshift in order to mimic the gravitational
redshift contribution from the galaxy.
5 DISCUSSION
In the past few years, relativistic distortions in large-scale struc-
ture have drawn a lot of interest from cosmologists. These effects,
together with the wide-angle and evolution effects, distort the ob-
served distribution of galaxies inducing line-of-sight asymmetries
in the cross-correlation function of two galaxy populations. All of
the effects mentioned have been studied in various works (McDon-
ald 2009; Yoo et al. 2009, 2012; Yoo & Zaldarriaga 2014; Croft
2013; Bonvin 2014; Bonvin et al. 2014) and have been observed
for the first time in galaxy clusters by Wojtak et al. (2011). The dis-
tortions can be quantified in at least two ways: using the dipole mo-
ment of the cross-correlation function and using the shell estima-
tor. Gaztanaga et al. (2017) have measured both the dipole and shell
estimators from the cross-correlation function of bright and faint
galaxies in the LOWz and CMASS samples of the BOSS DR10 sur-
vey and have shown that the relativistic distortions, which include
the gravitational redshift effect, are not detectable in this survey of
galaxies, at least on scales r = 20 Mpc/h and greater. Focussing on
smaller scales (but still in the large-scale structure regime) Alam
et al. (2017a) have quantified the different relativistic effects rel-
evant for two populations of galaxies and used the BOSS DR12
CMASS galaxy sample to measure these asymmetries. In particu-
lar, they detect the amplitude of relativistic asymmetry at the signif-
icance level of 1.9σ, 2.5σ and 1.7σ in the r, i and z bands respec-
tively using the shell estimator and of 2.3σ ,0.9σ, 2.7σ, 2.8σ and
1.9σ in the u, g, r, i and z bands respectively, using the dipole mo-
ment. These measurements have peak significance on scales around
10 Mpc/h. Zhu et al. (2017) have used a quasi-Newtonian approach,
with N-body simulations, to predict these asymmetries in the cross-
correlation function of two galaxy different populations and found
that the dominant contribution in the shell estimator is due to grav-
itational redshift effect.
In this paper, we have analyzed two different approaches in
order to study the effects which induce line-of-sight asymmetries
in the cross-correlation function of two populations of galaxies, ex-
amining both small and large scales (0 < r < 150 Mpc/h). We
are particularly interested in the relativistic contributions which in-
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clude gravitational redshift. We have computed the two-point cross-
correlation function using GRPT and Newtonian perturbation the-
ory. Following Bonvin et al. (2014) and Gaztanaga et al. (2017), in
Sec. 2 we have computed the dipole for the relativistic and wide-
angle effects obtained using the General Relativistic approach and
we have also defined the shell estimator to quantify the line-of-
sight anisotropy in the cross-correlation function in velocity units.
In Sec. 3 we have computed the dipole and shell estimator for a
bright and faint population of galaxies using the effective redshift
of BOSS DR12 CMASS sample of galaxies and assuming different
values for the biases. We noticed that the sign of the two contribu-
tions depends on the bias difference, in particular a positive differ-
ence leads the relativistic effect to be dominant over the wide-angle
on all scales, see Figures 2 and 3. Moreover, as already pointed out
by Gaztanaga et al. (2017), we have noted that GRPT is able to pre-
dict the two effects on very large linear scales (r > 50 Mpc/h), but
on small scales the same effects, including the gravitational red-
shift, are canceled out, showing that this approach appears to be
inconsistent with the observational results when considering non-
linear scales. In Sec. 4 we have studied the distortions of the galaxy
cross-correlation function using the Newtonian Perturbation theory
approach. In particular we have explored the distortion in the cross-
correlation function of two galaxy populations induced by gravi-
tational redshift and peculiar velocities, both separately and then
combined. Figure 5 shows the results in redshift-space, we noticed
that the effect of gravitational redshift is to shift the contours down-
wards, corresponding to a relative blueshift for the g2 (low-mass)
galaxies with respect to the g1 (high-mass) ones, while the effect
of peculiar velocities is a squashing of the contours on large scale
(Kaiser effect) and a small scale elongation due to the random ve-
locities (Finger of God). In order to quantify the line-of-sight asym-
metry, we have computed the dipole moment and the shell estimator
of the 2d cross-correlation function. In both cases we have found
a similar level of asymmetry on small and large scales. In partic-
ular we have noted a positive signal on small scales and a trend
consistent with zero on large scales (in agreements with the results
of Gaztanaga et al. (2017) and Alam et al. (2017a)). By compar-
ing GRPT with Newtonian perturbation theory (see Figure 8), we
have also found that the first approach is able to make predictions
for relativistic effects on large, linear scales, while the second one
describes successfully the asymmetry on small, non-linear scales.
We have inferred that, on small scales, the effect of non-linearities,
such as the structure of potential wells on galactic scales, cannot be
treated properly with the GRPT approach. Finally, we have com-
pared our results for the shell estimator using Newtonian perturba-
tion theory with those obtained using a quasi-Newtonian method,
with N-body simulations (Figure 9). We have noticed that, in the
first case, the sign of zshellg on small scales is positive while in the
second case it is negative. This occurs because zshellg is sensitive
to the gravitational potential of galaxy on small scales and this is
included in N-body simulation analysis (Zhu et al. 2017). Another
important difference between the two analyses is that, with N-body
simulations, we included the natural scale-dependence of the bias
of the two galaxy sub-samples while in this paper the biases have
been modeled as a scale-independent quantity. In order to qualita-
tively mimic the gravitational redshift contribution from the galaxy
as part of the Newtonian perturbation theory approach, we have im-
posed an offset on the mean gravitational redshift from eq. 12 and
we have used it to compute the shell estimator. With this procedure
we have found that the predictions from N-body simulations and
Newtonian perturbation theory have now the same sign (the shell
estimator is positive in both the two approaches). This shows that
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Figure 10. Comparison between the shell estimator computed using linear
perturbation theory (blue line), Newtonian perturbation theory (green line)
and quasi-Newtonian approach (red line) and considering a bias difference
of 0.66.
the shell estimator is sensitive to small scales. As any measure-
ment of the clustering asymmetry relies on relative redshift mea-
surements of one galaxy from another, any redshift difference on
any scale ( including on galactic scales) can have an additive effect.
This means that calculational approaches, such as perturbation the-
ory which rely on large scale averaging and do not include the small
scale structure in the density and velocity field, may not converge
as rapidly as hoped to the correct result.
It is important to point out that there is no inconsistency be-
tween the “Newtonian” techniques and GRPT approaches on large
scales. In the present paper, if we had added additional terms to
our Newtonian calculation to model the luminosity distance pertur-
bation (rather than just including gravitational redshift), then this
would have resolved the mismatch between the Newtonian theory
and GRPT on large scales seen in Figure 8. This is illustrated by
Figure 10, where we compare the results obtained using Newtonian
perturbation theory (green line) and GRPT (blue line), with those
obtained by Zhu et al. (2017) using N-body simulations (red line).
The latter includes all relativistic effects (gravitational redshift, spe-
cial relativistic beaming, light cone, transverse Doppler and lumi-
nosity distance perturbation), with luminosity distance perturbation
being dominant on large scales. We can see that on large scales
(r > 40 Mpc/h), the shell estimator computed from simulations is
in agreement with that computed using linear perturbation theory.
However the Newtonian perturbation theory approach we studied
in this work, only includes the distortion induced by gravitational
redshifts and peculiar velocities. A complete analytic treatment of
all relativistic effects in the Newtonian framework is beyond the
scope of this paper.
We conclude that a combination of General Relativistic per-
turbation theory and non-linear techniques is needed to study the
asymmetry due to relativistic effects on large and small scales. As
shown in Zhu et al. (2017), there also exist important uncertainties
in the theoretical predictions, such as the precise nature of structure
on galactic scales, that is necessary to model in order to explore
these effects with accuracy. Finally, we recognize the increasing
role which that measurements of relativistic effects will have in cos-
mology. Gravitational redshifts in particular are measurable with
current data and will be useful for constraining models, such as
modified theories of gravity.
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